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LETTER TO THE EDITOR

Generalized Bogolyubov transformation

Fan Hong-Yif and J VanderLinde

Department of Physics, University of New Brunswick, PO Box 4400, Fredericton,
New Brunswick, Canada E3B 5A3

Received 20 August 1990

Abstract. The Bogolyubov transformation, frequently used in dealing with pairing interac-
tions of fermions, is extended to allow for binary coupling between any (even) number of
fermions by using a matrix transformation ‘coefficient’. The corresponding quasiparticles
and quasi-vacuum state are derived. The normally ordered expansion of the unitary
generalized Bogolyubov operator is obtained by application of the technique of integration
within an ordered product (1woP) for the fermion system.

Bogolyubov transformations [1, 2] are very useful in dealing with the pairing inter-
actions of fermions in superconductivity theory, nuclear physics and quantum
chemistry. The unitary operator that generates the Bogolyubov transformation used in
coupling two fermions is

V(A) =exp(Aa,a,— A*alal). (1)

In this work we investigate the transformation for multiple fermions. We shall derive
the normally ordered form of the following unitary operator

U(A)=exp[i(a;Aya;— aiAja;])] (2)

which, as will be shown, generates the Bogolyubov transformation whose ‘coeflicient’
is a matrix. In (2), g; (a;) are fermion annihilation (creation) operators whose indices
run from 1 to n and summation over repeated indices is assumed. The matrix A; must
of course be antisymmetric which requires the number n to be even in order that A
have an inverse. We restrict our considerations to matrices A having this form.

In this letter we investigate how the fermion operators transform under U. The
quasiparticle vacuum state is derived. Finally, with the aid of the technique of integra-
tion within an ordered product (1wopr) {3-5] and making use of the fermion coherent
state [6] we derive the normal product form of U.

We begin our investigation of the mapping (2) by calculating its effect on the
annihilator of the multimode fermion vacuum state.

Using the anticommutator result

{aia a;} = 611 (3)
and the identities

1 1
e“Be *=B+[A, Bl+51[A [A Bll+5;[A[A [A BIl]+...
! ! 4
[4, B, C]= A{B, C}~{A, C}B @
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we obtain
UalU™' = aj[cos(ATA)?];+ [ A(ATA) 2 sin(ATA) 2] (5)
= aj[cos(A"A)""*]; + a[sin(AAT) 2 (AA)TV?A] (6)
As shown in [6], an arbitrary non-singular matrix can always be decomposed as the
product of a Hermitian matrix H and a unitary matrix, which we take as e'*. Then in

a fashion analogous to the polar representation of complex numbers, we may in general
write

A=Hé¢' )
with H'= H and F' = F, giving

AA'=H. (8)
From the required antisymmetry of A we have A = —A which gives

A= _eii‘ﬁ AA= H2=e iFH? eiF H?e iF = iFH2, 9)

These relations suffice to find H and e'”.
Substituting (8) and (9) into expressions (5) and (6) we simplify the latter to obtain
the quasiparticle creation (a!") and annihilation (a}) operators

al'=Ua]U " =a(cos H) —a;(e' sin H) (10)
=a}(cos H) ;+a;(sin H &'F) ;. (11)
It follows that
a=Ua U™ =a;(cos H) ;+a(sin H e—”?)j,- (12)
=a,(cos H) ;;—a;(e”'F sin H) . (13)

We have used the antisymmetry of ¢ sin H to go from (12) to (13).
_ We now seek the quasiparticle vacuum state U|0)=||0) annihilated by a;, where
|0} is the multifermion vacuum state annihilated by a,

a0)=0 I=1,2,...,n (14)
We first obtain an equation satisfied by ||0) by allowing a, to operate on ||0),
a,||0) = UU ' q,U|0) (15)

which we then solve to obtain ||0).

As a consequence of (11) and (13) we can, noting that U ~'(A) = U(—A), rewrite
(15) as

a||0) = Ul a;(cos H) ;+aj(e™F sin H),;]|0)
= Uaj(e™'F sin H),U ™' U|0)

=[aj(cos H e7'F sin H) ; + a;(sin® H) ;]||0) (16)
and simplified with the aid of (9) to give
@]|0) = aj(e™F tan H) ;|0). (17)

This is the required equation for ||0) which may be solved by noting that
tan H); exp(—3a;(e”'" tan H),a}) ={a,, exp[—3a,(e”F tan H);a]]}.

The solution for ||0) is then:

aj(e”if

|0y = C exp[—3ai(e”*F tan H),a]]|0). (18)
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The normalization coefficient C can be obtained by calculating the norm
1 =¢0}|0) = |C|X0} exp[ —}a;(tan H ¢'F);a;] exp[—31ai(e ¥ tan H);a]}]|0). (19)

For this purpose we introduce the fermion coherent state [7] |&@)=1II,|a) (repeated
indices do not imply summation in (20)-(23)) with

Iai>=exp[_%&iai+a:ai],0>i aila;) = a;a;) (20)

(o] = {Olexp[—2dia; + @:a;] (ailar=<ai|&i (21)
where a; is a Grassmann number [8] with the properties

@+ a;d@; =0 al=0 @i=0 (22)

Jda,=0 Jda,a,=1 J’d&,=0 J’d&,a-,=0. (23)
Consistency requires that the a; anticommute with a; and a; also.

Let »; and %; also be Grassmann numbers then the following formulae may be
obtained for A a complex-valued n X n matrix:

I H da; de; exp{—aA;a; + am; + nia;} = (det A) exp{ﬁi(A—l)ijnj} (24)

while for B=(41! 41), a 2nx2n matrix whose elements A,,, A;,, A, and A, are
n X n submatrices,

J e daenfia oy 42)(2)+an(3))

Ay AIZ)]”Z [1 _ <A21 Azz)_l(ﬂ)]
= det( exp| a(7, _ 25
[ Ay Axn p| (%) A, Ay n (23)

where (a, @) =(a,, as,..., a,; &, @,..., &,).
Using (25) and the 1wop technique and the completeness relation of the fermion
coherent state, |a;) can be put into normal product form [9]

J H d&, da',- l&)(dl = J H da-, da',~ lexp(—d,a,-'i' a:a,"" &,'al' _a‘:‘.a,‘): =1 (26)

where : : denotes the normal product and we have used
|O)O| = :e % . (27)
Using (20), (21), (25) and (26) we can evaluate (19) to obtain

X rex {l(a &)(—tanHeiF [ )(a)
P e -1 -e"Ftan H/\a

+(a*—a)(;) —afa,}:lO)
=|C)? Vdet(sec’ H).
Therefore, up to an arbitrary phase factor

C =+det(cos H). (28)
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Although a?=a]’=0, the normal product form of U for n # 2 is not immediately
obvious. In the following, we exploit the fermion coherent state and the iwop technique
to derive the normal product expression for U.

Let U operate on |&) giving

Ula)= U exp(aja,) U U|0) exp(~3d,a;)
= exp{a;-(cos I-I)j,«a,~ +a;(sin H e‘F)ﬁa,-} vdet(cos H)
x exp[—Lial(e”'F tan H),a]]|0) exp(—3@.a,). (29)

Using the Baker-Hausdorff formula and (4) we can decompose the first exponential
in (29)

expl...} =exp[—a;(cos H);a]] exp[a;(sin H €'7) ;] explia;(sin 2H €'7) ;0;]. (30)
Therefore (29) becomes
Ul|a)=+det(cos H) exp[—3d;a; — o, (sec H),a;

+3a;(tan H €'7) o, —3a](¢'" tan H),a]]|0). (31)

By virtue of (26) and the 1wop technique we can put U into the form

U=J I1da, da, UlaXadl

.

=+/det(cos H) | da; da; :exp{-a@a; — a,(sec H) a] + a,a
+3a,(tan H ¢7) o, —3al(e™" tan H);a] —aa;}: (32)

.

= Jdet(cos H) nd&,.da,.:exp{%(a,&)(tanHe' u)(a)

o _u O [44
+(a'sec H, —a)(i)—afa,-—%a,f(e‘m tan H),,»a;}:. (33)
Using
(A B)“_( (A-BD™'C)™! A“B(CA“B—D)“)
C D D'C(BD'C-A)"! (D-CA™'B)™!

we finally write (33) as
U =det(cos H) exp{—3aj(e”" tan H),a]}:exp{aj(sec H —1),a;}:
x exp{3a;(tan H ¢'7),a;} (34)

which is the normal product form of U.

In summary, we have extended the formalism of Bogolyubov transformations to
that where the parameter is an antisymmetric matrix. The corresponding vacuum state
and quasiparticles as well as the normal form of the transformation are derived by the
iwop technique. This formalism is likely to prove useful in tackling many-fermion
systems, as we hope to show in the near future.
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